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The object of this thesis ia to determine the effect of 
the reinforcement of circular holes on the stress distribution in 
the webs of beams subjeoted to bending with shear, and to devise 
a rapid means for predicting the increase in stress over that of 
the condition of no opening. 


A theoretical solution for a bead-type reinforcement; 
1.е., @ Smali radial thiokness, is developed in APPENDIX D. The 
theory for the stress distribution in the web follows the work of 
Reissner and Horduohow, and is valid for any shape reinforcement; 
the theory for the stress distribution in the reinforcement, hot- 
ever, is for rectangular reinforcement only. The experimental 
evidence, obtained from SR-4 strain gauges, has been plotted in 
RESULTS. This evidence is based on tests with rectangular rein- 
forcement (standard pipe) exclusively. 


A family of specimens covering the usual structural 
practice, holes up to half the depth of the web, was tested. 
Reinforoement of twioe the area of the hole was originally pro- 
vided; successive machining operations reduced the amount of 
reinforcement in estepa of half the hole area to zero reinforce- 
ment. Strain gauge observations at the hole, in the web, and on 
the flange of the I-beam were made and the maximum stress in each 
area determined. 


From this investigation it 16 concluded that: the theo- 
retical solution is satisfactory for design purposes when the 
diameter of the hole does not exceed 1/4 the depth of the beam; 

. 4t is impossible to design a reinforcement that will reduce the 
etress level to that existing for no hole; reinforcement with an 
area to that of the hole causes a sharp drop іп Stress and appears 
to be about the economic limit; the shape of the bead-type rein- 
fdreement, flat bar, angle, channel, I, eto., is unimportant, but 
the area of reinforcement is paramount; the experimental solution 
18 suitable for design purposes Tor I-beams of usual structual 
proportions. 
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INTRODUCTION 


in almost all struotures openings of some sort are 
renuired, either for access or for passin. piping, ventilation, 
or electrical systems to the various compartments. It, there- 
fore, behooves the structural cestener to mike proper provision 
for these requirements without adversely affeoting the structure 
aB a whole. 

ruch time has veen devoted to the analysis of the 


1 but a scarcity of information about 


effect of such openings, 
the effect of reinforcement exists. Timoshenko [1112 developed 
an approximate analysie for reinforcement around a circulsr 
hole in a uniform tension field; Sobrero (12] and Gurney (13) 
continued this work. Веівспег anc Fordeoow (1!) developed a 
general solution for reinforcement of a circular hole for vari- 
ous types of loadings - hydrostatio pressure, uniform shear, 
uniform tension, and pure bendine. The United States *xperi- 
mental Model Basin (19] published the results of an experimental 
study on various types of reinforcements on various types of 
openines subjected to uniform tension. Fallinser and Ober- 
meyer (18) performed a similar experimental investigation on 

a flat ovaloid hole "hich had been reinforced. Quite recently 
"fird and Skinner (17) tested an elliptloul hole with varying 
reinforcement subjected to both pure bending and bending with 
Shear. 


і. A fairly complete liet is included in BIPLIOCRAPHY. 
2. Numbers in brackets refer to the BIBLIOGRAPHY. 





2. 

This thesis ls devoted to the effect of a reinforced 
ciroular cutout subjected to both pure bending and bending with 
Shear. The effect of finite depth As evolved from an analysis 
of experimental data rather than by a rigorous mathematical 
treatment. It is the purpose of this thesis to oorrelate Gata 
from actual experiments with large models having a systematic 
variation in the size of opening, ratio of diameter of hole to 
depth of beam; а systematlo variation in the degree of rein- 
forcement; and a eystematic variation in the ratio of nominal 
Shear to nominal bending. This correlation includes a cheok 


on the mathematicul solution developed in the APPUNDIX. 
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PROCEDURE : 


The models were prepared from a standard rolled 
steel section: 12" x 64" х 287 УР. Fig. I le a detail draw- 
ing of the model series and includes a machining schedule 
for the variation of reinforcement. Fig. Il ie a schematic 
wiring diagram Гог the use of Baldwin SR-4 Strain Gauges., 

° All testing was performed in a 200,000 pounds hy- 
áraulic type Ealdwin-Southvark testing machine fitted ith 
an Amery-Tatnall weighing mechanism. A 24" x 09" x 947 vy» 
Seotion vas uBed to support the teet specimen and transfer 
the load baok into the maohine for measuring. Circular bars 
and Vee-blocks, fitted with a radius at the small end, were 
used for application of load and support to assure as nearly 
"line loading” as was feasible. Figs. III and IV show the 
Е arrangement for pure bending and bending with shear 
respectively. 

After the Specimen was nb να αλ δα in the test posi- 
tion and carefully aligned to ensure proper loading and eupport 
positions, all strain gauges were read for the no load or "zero" 
reading. Then the test load was applied. All gauges were read 
at several i Reka. load inorements, until the full test load 
was applied. This enabled a load versus strain plot to be made 
for each gauge. After the readings were made at the full load, 


this load was removed and a second "zero" reading made. The 
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average of the two "zero" reudinzs was used as the baris Tor 
determining strain. hen one such test was completed, the 
specimen was then realigned with different 1ο: and support 
positions for the next teet with a different ratio of nominal 
shear to nominal bending. 

After the completion of such a series of tests, the 
Bpeoimen was removed for the machining of the reinforcement. 
Thus the specimen vas tested first with maximum reinforcement 
and then with suecessively smaller amounts of reinforcement 
until there vas none. After this series, twenty-five (25) 
tests; five (5) degrees of reinforoement tested for euch of 
five (5) ratios of Shear to bending, a larger hole was machined 


and the process repeated. 





RESULTS 


The results of the experimental data are incorpo- 
rated in Figures V through XII. Figures V = VIII are plots 
of etress concentration factor ut the edge of the hole ver- 
sus the ratio of the tveight of the reinforoement material 
to the weight of the material removed in forming the hole 
in contours of the ratio of nominal shear to nominal bending 
etrese, for various ratios of diameter of hole to depth of 
web. Figures ІХ ~ ХІІ аге similar plots with the stress 
concentration factor at the edge of the bean as the substi- 
tuted variable. The vartous experimental data are ehown on 
these plots. Theoretical solutions are superimposed in 
Figures V - VIII. 

Figure XIII Is an improved plot of the foregoing 
Figures incorvorating all information into a single chart 
which is suitable for design or other engineering purposes. 
in this chart a new independent variable, a dimensionless 
area parameter, is Substituted for the aforementioned weight 


ratio. 
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16. 


DISCUSSION OF RESULTS 





Figures V - VIII show the remarkable fact that the 
presence of any reinforcement, no matter how small, markedly 
decreases the high stress conoentration at the edge of the 
hole, but that the addition of greater amounts of reinforcement 
does not provide a proportionite decrement. In none of the 
cases actually tested did the reinforcement, which was installed, 
reduce the stress to that existing with no hole. This is in 
conformity with the theory developed in APPENDIX D which states 
that no practical reinforcement provides elastic equivalence of 
the hole. This explains the asymptotio character of the curves. 

It should be noted that, as the ratio of the diameter 
of the hole to the depth of the web increases, the experimental 
points for pure bending with no reinforcement no longer agree 
with theory developed for the simple plate, [ 2] anaá[ 3]. This 
points out the stiffening effeot of the flanges of the I-beam as 
the edge of the hole sete oloser to these flanges. This stiffen- 
ing effeot 1e similar to a virtual increase in the depth of the 
web. This virtual inorease in the web depth is, of course, a 
fictitious thing and is not the eame as that depth whioh would 
provide an equivalent moment of inertia, but is merely a physi- 
cal kind of reasoning. This same characteristic is not evident 
for the larger values of the ratio of nominal shear to nominal 
bending. This can partially be explained by the point of maxi- 


mum Stress, which 1s located at the vertical for pure bending 








17. 


and between 30° and 45° from the vertical for the cases of 
bending with Shear. In the latter cases the points of naxi- 
mum stress are somewhat more remote from the flanges than 
those for pure bending and hence derive a smaller stiffening 
effeot from them. Another contributing factor to this dis- 
crepancy between — and experiment (for no reinforcement) 
is the somewhat simplified shear distribution assumed. This 
distribution is derived from an extension of plane elasticity 
into the flanges of the seotion without due regard for the 
three-dimensional effect at the junction, and, hence, ів not 
exact. A further contributing factor is that discussed in( 3]: 
а Static cheok across the net Bection i8 not obtained, and the 
edges of the beam are not frese of shear stresses when the deptn 
18 finite. 

In spite of these known disorepancies for the limit- 
ing case of no reinforcement, the good agreement between theory 
and experiment for the entire range of reinforcement tested for 
low values of the ratio of diameter of hole to depth of web 
(the admitted region of validity of the theory), see Figures 
V and VI, 18 gratifying anû lends oonfidenoe to the entire vork. 

Figures IX ~ ХІІ follow the trend shown in[ 17] : for 
a given ratio of diameter of hole to depth of web and with a 
given reinforcement, the maximum stress at the edge of the bean 
varies but little, but does pass through-a maximum - at a ratio 
of nominal shear to nominal bending between 0.3 and 0.4. Fora 


given size hole at a given ratio of nominal shear to nominal 














bending, the relation between the maximum stress at the edge 
of the beam and the amount of reinforcement is ambiguous. 
There appears to be no rational explanation for this seemingly 
haphazard relation. Fortunately, however, the variation of 


maximum stress at the edge of the beam with change in rein- 


n μόν. 


forcement is quite small. For practical purposes, the maxi- 


| mum stress at the beam edge may be taken as a constant. 











"y. 
CONCLUSIONS 


1. It is impossible to design a reinforcement for a 
Circular cutout subjected to ben ing with shear which will 
restore the stress distribution existing prior to the out. 
This is predicted by the theory and verified by those experi- 
ments actually performed. 

г. For the usual type of reinforcement - a bead in 
contrast to a doubler plute - the shape is immaterial; the 
area supplled 18 paramount. In short, the reinforcement does 
ів work in either tension or compression; not in bending. 

3. Any reinforcement reduces the stress level at the 
edge of the hole; however, after a certain amount, usually 
the same area as that of the hole, the effect of additional 
reinforoement is negligiople. | 

4, The theoretical solution developed in APPENDIX D 
is satisfactory for engineering design purposes when the 
ratio of diameter of hole to dept" of web is less than 0.25. 

5. For the usual proportions of I-beargs; 1.e., the ratio 
of flange area to total area of about 0.5 to 0.7, Figures V = 


ALII are satiefactory for design purposes. Y 
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RECOMMENDATIONS 


3. Further theoretical and experimental investigations 
for the effeot of doubler plate reinforcement are desirable. 

2. Further theoretical anà experimental investigations 
for the effeot of reinforcement of ellipses and flat ovaloids 
Rubjected to bending with shear are desirable. 

3. Further investigations of related problems when the 
portions of the beam immediately adjacent to the cutout are 
Subjected to uniformly distributed and uniformly varying loads 
are desirable. 

l. In order to refine existing theory, such aß that devel- 
oped here, for atrees distribution near cutouts in structural 
sections and to extend other such theory it is necessary that 
& Simple analytical expression for shear distribution An I- and 
T-beams be developed. This expression may involve such gross 
parameters as the ratio of flange area to total area, ratio of 
flange thickness to depth, and some relation betrreen web area 
and gross moment of inertia. Fmpirical equations based on 


existing soan-film analogy or other experiments appear fruitful. 
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APPENDIA 
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DETAILS OF PPOGS DURE 


I. Description of Hodels 

A detailed workins Craving, Fic. I, was prepared 
for fabrication purposes. This, along with Figs. III and IV, 
have already been used to illustrate the test procedure. Гог 
the saxe of clarity the following amplification is made: 

Fig. XIV shovs the geometry of a simple case of 
bending with shear. From thie notation the usual beam fornu- 
las give the nominal bending ane shear stressee, for the uncut 


beam, at the location of the hole: 


Ca PLh/I (Al) 
сЕ «.- (A2) 
2nte 


From Touations (Al) and (A2) the ratio of nominal 


shear to nominal bending strees is derived: 


T 
چ‎ = --3--- (A3) 


which is, as is seen, a function of the geometric properties 
of the beam. 

The test arrangement is shown schematically in 
Fine. XV(a) and XV(b), for bending with shear and pure bend- 
ina respectively. Using the notation of these figures, the 
physical dimensions shown in Fig. I vere calculated. These 


calculations are incorporated in Table I. 
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FIG. XIV. 





GEOMETRY AND NOTATION FOR BENDING WITH SHEAR 


ғ16. Ху а 





| m L ια 
mr CAE E 


TEST ARRANGEMENT FOR BENDING WITH SHEAR 


FIG XV b 
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TEST ARRANGEMENT FOR PURE BENDING 
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From Equation (A3) vit^ the properties of a 


12" x 6i" y 28. VF Section inserted: 


12:22 | (Al) 


where L is given in inches. 
Fig. XVI shows the geometry and notation for the 
typical rectangulur or "“flatebar" type reinforcement which 
was used in thie experimental work. 


The welicht of the material removed le given by: 


πχ τος, vhere = le the specific weight 
of the web material. 


The weight of the reinforcement 16 given by: 


21 yer, lA. - tpt.) Wheré y,, із the spreific 
weicht of the reinforcement material, 
An is the area of reinforcement and 
adjacent web area, 


Acoordingly the Vielrht Ratio, VH, is defined ae: 


ων: ΙΙ. ο. ek i 
ТЯ & м we wm (A5) 
For the usual structural work the reinforcement 


material 18 the sume ar the web material und the ‘eight Ratio 


becomer: 
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FIG. XYL 





GEOMETRY AND NOTATION OF RECTANGULAR STRIP 
REINFORCEMENT 


FIG.XVIL 
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VR = 2rg(Ap - tpty) (Asa) 
T^ τς 
For the reotanguler type reinforcement this further 


simplifies to: 


t En. A 
WR = 2-E(1 Z --Z£)(-- - 1) (A5b) 
v2 cro Uy 
or 
WR = 1 TET - - E) (A50) 


because of its simplicity pipe was chosan for rein- 
forcement. A further practical consideration entered into 
this choice: in actual oonstruction pipe is widely used for 
this same purpose. Table II shows the determination of the 
machining schedule in Fig. I using Eauation (A5b) for this 
caloulation. 

Fig. XVII shows the basic gauze locations for all 
models. This choioe of locations made possible plots of stress 
concentration factors at the edge of the hole, at the edge of 
the beam, and along several radial lines. Fig. XVIII ehows the 
gauges mounted on the flange und web of the beams Fig. XIX 
shows the gauges mounted at the edge of the hole. Fig. Xx shows 
the main instrument center with a SR-4 Strain Indicator and the 
Buldwin Switohing Units for multiple gaure readin’s at a single 
load. 

II. Methods of Analysis 
standard experimental stress analysis procedures 


vere used. Single strain gauge readings were reduced to strain 





Determination of Model Dimensions 


Tjo 0 0.2 0.3 0.4 0.5 
L(in) --- 61.776 41.184 30.888 24.711 
Ein) 30.888 30.888 30.888 30.888 30.888 
Lig (in) 30.888 92.664 72.072 61.776 55.599 
L3 (ап) 30.888 30.888 30.888 30.888 30.888 
Ly+Lo(in) 61.776 123.552 102.96 92.664 86.487 
E ο. | А 
ia Lo 5 0.25 0.3 0.333 0.357 

LiL 

- (Αη) 15.14% 23.166 21.622 20.592 19.857 
rnc ocd 0.651 0.608 ο. τ; 
(Ly + L2)I аг = е Жы " 
P for 
E 73729 49153 52663 55297 57344 
a # 
P(#)° 60000 48000 52000 55000 56000 
_ 2۳ (.1.) 0.434 0.434 0.347 °0.289 0.248 
(Li+ L2)I ln | 

SL(psi) -26041 -20832 -18055  -15914  -13889 

TABLE II 

Determination of Machining Schedule 
Pipe Size 14" X Hvy 3" X Hvy 5" Std. 6 
tp(in.) 0.2 0.3 0.258 
г. h 0.125 0.2417 0.4206 
b*(in.) 
UHR = O 0.24 0.24 0.24 
VR = 0.5 0.438 0.502 0.798 
УВ = 1 0.637 0.766 1.356 
VR =Z 1.5 0.836 1.028 1.915 
УВ = 2 1.034 1.291 2.173 
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315 


in microinches per inch corressoncin; to a given load in pounds, 
ser Table III. These reaäinss, correcteä for an "average zero" 
reudinges, were then plotted versus the corresvonding load and 
the best struight line passed through the experimental pointe, 
see big. ХАТ. The corrected Strain corresnoncins to the rated 
vest load tae then determined by a parallel shifting of this 
best straight line to obtain zero strain at zero load; i.e., 
"corrected" strain was determinec as the chance in strain cor- 
responding to a chanie in load. 

Hoeoresé was determined in two different ways: 

а.) For uniaxial gaugec, those mounted on free bouncarieg 
where the stress 18 uniaxial, etress wae obtained by multiplying 
the strain at that point by the modulus or elasticity. 

b.) For strain rosettes, those mounted on the web where 
Diaxiul etress us well ab sheer can exist, atress was outalined 
using nonogrepns developed in (22], вее Fig. XXII. 

In both instances standard values of Poisson's Ratio 
anc modulus of elasticity, 0.3 anc 30 x 106 psi respectively, 
were used. 

III. Correlation Procedure 

Sutisfaotory buses for plotting were unknown ut the 
outset; but, as sufficient data beaame available and after веу- 
eral schemes hud veen tried, a workable systen was evolved. 

rending with shear, with stresses below the elastic 


linit, can be treated as the superposition of "pure sheur" at 
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Zero 
AVE 0 
140007 


AVE O 


280007 
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1120002 
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56000: 


лего 


Load 
Zero 
AVE O 
140005 


AVF O 
28000 


AVE O 
420002 


AVE 0 
550007 


Aero 





| ο. 
TABLE III 


Loud-Strain Data: = RO τό = 0.4206; WR = 2 


س 

F1 ΕΣ F3 Ph PS Fé HO H15 
80869 70943 61202 60833 60952 1470 $1218 821540 
5056: $5 09 ткт а 0833 € 55 ὋΝ š HE 9 61216 681545 
80749 70843 61116 60741 60880 71464 _ 61222 в 
-120 -99 -79 -92 -71 -5 * -67 
80869 70942 61195 60833 60951 71469 61216 81545 
80628 70743 61028 60650 60808 1460 _ 61229 _ 851513 
as: aol CEN LS US 3 ыт о! г 
80869 70912 61195 60833 60951 71469 61216  B35h5 

80508 706 609/440 60561 60738 714 61238 8134 
ae ез 155 27 ἡ 1i— u +, — A5 
80869 7092 61195 60833 60951 71469 61216 81545 

89383 70559 60852 40473 60660 71050 6128 в128 
-18 -383 -343 -360 -291 Xo Er B =A 


80869 70941 61188 60833 60950 71468 61214 51550 









H30 H45 H6O H75 H90  Rh5-1 №45-2 Ru5-3 БЩ5-Щ 
91512 80950 91672 101002 90770 71082 70780 61340 61234 
9117 80956 91682 101010 90773 71091 70779 613 61236 

1323 80787 91511 100906 90741 71076 70670 61762 61146 

EU 5 $71 επ. = >? 215 «199 +18 -90 

91447 ME νύ 101010 96773 zu) 20772 61 λεν бш 

1202 8061 1249 100804 90710 710 70562 61382 61054 
-63 -18 


RUP ο 9D -206 -27 «ἐάν t3 -180 
91447 80956 91682 101010 90773 71091 70779 61344 61236 


91087 80451 91183 100700 90679 71052 70456 61401 6096 

-360 -505 r 7-306 -9  * $7— «λος 
91h47 80956 91682 101010 90773 71091 70779 61344 61236 
20970 80283 21019 100603 90606 71040 70307 61420 60580 
“т -67} -563 -407 «127 -5l | -432 ΤΩ -356 


1452 80962 91692 101018 90776 71100 70778 61308 61238 
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р FIG. XXT GAUGE R45 
Z =0,5, #/h=0.4206; WR=2 
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the vertical axis of symmetry on pure bending, вее (3 ] and 
(6) aná APPENDIX D. For each size hole and degree of rein- 
forcement, the stress concentretion factor at the edge of the 
hole and in the web was plotted, in contours of angular loca- 
tion, against the shear to bencin: ratio as a strail:ht line, 
eee Fig. XXIII. Гаігей data from this type plot were then 
plotted as stress concentration factor versus angular location 
in contours of shear to bendinz ratio. The maximum for each 
such contour wes then determined, see Fle. XXIV. These maxima 
were then transferred back to Fig. XXIII and a smooth curve 
passed through then. 

Plots Bimilur to Fics. XXIII and XXIV were prepared 
for each size hole and each degree of reinforoenent. Fig. XXV 
ig easentially a compilation of the maximum curves from plots 
similar to Pig. XXIII for varying degrees of reinforcement for 
a Single size hole. The crossefairing of all data from this 
kind of plot is shown in Figs. V - VIII in RESUL:S. These data 
were cross-faired by yet another method: stress concentration 
factor vereus ratio of diameter to depth of web in contours of 
shear to bendincs ratio for each degree of reinforcement. А 
sample of such a plot is Fic. XXVI. 

Similarly the stress concentration factors at the 
edge of the beam vere correlated, but by a slightly different 
procedure. For each size hole and for euch ratio of shear to 
bencing, the experimental data tae plotted as stress ooncentra- 


tion factor versus the dirtunce from the vertical dlameter of the 
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hole in diameters of the hole, in contours’ of degree of rein- 

forcement, see Pig. XXVII. The faired maxima vere then plot- 

ted versus the degree of reinforcement, Weight Ratio, see also 

Fig. XXVII. The compilation of such plots are shown in Figs, 

ІХ = XII in RESULTS. These data vere also cross-faired as 

etrese concentration factor vérsus ratio of diameter of hole 

to depth of web in contours of Weight Ratio for euch ratio of 

shear to bending, see Fig. XXVIII; an adcitional method of 

cross-fairing 18 also shown in Fig. XXVIII: stress concen- 

tration factor versus ratio of shear to bending in contours 

of ‘eight Ratio for each size hole. From the latter plot it 

was determined that for praotical purposes the augmentation of 

stress at the edge of the bean was constant despite the varla- 

tion of shear to bending, Weicht Ratio, or eize of hole and was 

7%. This constant value vas used in the preparation of Fig. XIII. 
It was also desired to determine whether the stress 

in the web ever exceeded the maximum obtained either at the 

edge of the hole or the edge of the beam. In this connection 

the principal stress at each rosette determin-d by nomograph, 

see Pig. XXI, and plotted as strese concentration factor versus 

ratio of shear to bending for each size hole and for each Weight 

Entio, similar to Fig. XXIII. These faire data were then plot- 

ted, in conjunction with fulred data from plots similar to 

Figs. XXIIT and XXVII, as stress concentration factor versus 


distance from the center of the hole in diameters for each 
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radial line wherein а rosette was located, gee Fig. AXIX. 
In no case was the maximum stress concentration factor at 
elther the edge of the hole or the edge of the beam, which- 
ever was greater, excerúed. This, of course, was predicted 


in the theoretical Cevelopment in AP FNDIA D. 
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APPENDIX B 





Tne data are summarizec in Fige. V-XII of RESULTS. 
ще е III snc Figs. XXI-XLI-, roferpred to in ABP IRA, 
are shown to illustrate the methods of an..lysis, correlation 
procedures, and typical culculations of stress concentration 
faotors. Тар1еғ V and VI, calcwlutions of stress concentra- 
tion factors at the edge of the beam and the eóge of the hole 
respectively, are adapted from Table III and Fig. XXI anda 
others similar (see Table IV) to assist in the preparation 


of Figs. AXIII and VII. One sample of euch type of plot 


made in fairing the data le included. 








TARLE IV 
Strain at Full Load for ro/h = 0.4206; VR = 2. 
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АРРЕНОТХ С 


ORIGINAL DATA 


The original data are nresented 1n Table VIT as 
Strain in microinches por inch for each gauge for each ratio 
of Sheur to ред пп, There data ore tabulated separately 
for each weight Retio and each ratio of diameter of hole to 
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VR € 21 r2/h = 1.28 
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APPENDIX D 


DEVELOPMENT OF THEORETICAL SOLUTION 





I. Nomenclature 


Ban Arbitrary constante An stress funotion Y 
Ar Cross-sectional area of reinforcement 
ring plus adjacent web area. 
A Area; with subscripts f and w, area of 
flange (gross) and web respectively. 
b Width (net) of rectangular reinforcement. 
р! Width (gross) of rectangular reinforcement. 
Can Arbitrary constants in stress function P 
dan Abbreviations for products of a and 
mn 
povers of ro. 
e Distance from edge to neutral fiber of 
reinforcement. 
En Modulus of elastioity of ring. 
Ew Mođulus of elasticity of web. 
f Factor to allow for three-dimeneionsl 
` effect at junction of ring and veb. 
h Half-heicht of web. 
Moment of inertia; with subscripts e and 
г, the effeotive moment of inertia and 
the moment of inertia about the centroid 
of the ring respectively. 
k Abbreviations for products of C and 
mn mn 
povers of n. 
L Distanoe. 
M Bending moment. 
m Subscript. 


n Order of terms of stress function. 











D 
P 
РЫ СР) (Р) 
г 


m. 


T1 


T2 
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Radial shear foroe on cross-section of 
reinforcement. 


Ratio of radii of reinforcement: ee 
Load. 

Coefficients in stress function. 
Radial distance from center of cutout. 


Fadial distance from center of cutout to 
oenterline of reinforcement. 


Radial distance ‘from center of cutout to 
outer edge of reinforcement. 


Radial distance from oenter of cutout to 
inner edge of reinforcement. 


Radial distance from center of cutout to 
neutral fiber of reinforcement. 


Are lencth. 

Thickness; vith Subscripts f, Fr, and v, 
thickness of flanse, reinforcement, and 
wel respectively. 

Normal strees resultant. 

Displacement in radial direction. 
Displacement in tangential direction. 


Cartesian ooordinates with origin at 
center of cutout. 


Tangential load on ring per unit of oir- 
cumference. 


Padiul load on ring per unit of ciroun- 
ference. 


Dimeneionless parameter of area of ring: 


۳ 
Ри τοῦι 








а! 





Dimens ionlegs parameter of area of rec- 


E bt 
tangulur ring: Ш ШШ 
Ἢ Yoly 


Dimensionless parameter of moment of 
En De 
inertia of ring: -= « -s=-24(1 + Y), 
T rt 
tr ow 
Specific weicht; vith subsoripts r and w, 
Bpecific weight of reinforcement and web 
respectively. 





Dimensionless parameter of thickness of ring: 


te 
_ e 
2Го 
Strain in radiel and tangential directions 
respectively. 
Dimensionless parameter of shear: 
Э Ап 


ες... ME „ge 


2(1-) 2I 31. = س‎ 


Dimensionless purameter of flanze thlokness; 


t 
S 
n 

Angular polar coordinate. 


Change of curvature of ring. 
Retio of width of reinforcement to web 
t 
thickness: ==. 
Y 
Dimensionless parameter of flante area 
( Е 
Е А 
Poisson's ratio. 
Nominal bending stress at extreme fiber. 


Normal streeses in x and y directions 
respectively. 


Radlal «nd tansential stresses respectively. 








Sub-Scriote 
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Summation. 
E 
Average shear: А . 


Shear strese (Cartesian coordinates). 
Shear stress (Polar coordinates). 
Stress function (Airy) for veb. 


Strese function (airy) for reinforcement. 


Original. 
Constraint. 


Totes. 





74. 


II. General Ecuations and Solutions? 

In order to analyze the effect of a circular 
cutout in a plane sheet, the etresses, disolacements, and 
6trains in such a sheet are most conveniently represented 
by a polumcoordinate systen, Fig. XXX. The original stresses 
and dieplacements, before veing disturbed by the cutout, will 


appear іп the forn: 


“re, (1) 


the cutout edges are assumed to carry reinforcement. 
It is the purpose of this analysis to determine the elastio 
properties of such an edge reinforcement so that the incremente 


of stress, o. » TT , and T to the original stresses 


n $1 


become as small as possible. 


ro] ' 


throughout this analysis it is assumed that the hole 
is "small" compared to the sive of the Sheet. Such an analysis 


R à 
will be reasonably accurate for = < o. 25. 


ШЕ поточе, ГИ. 
КО ве 13], p. 3 anda [3] , p. 217. 








TS. 








(à). POSITIVE ORIENTATION OF STRESS RESULTANTS 
& DISPLACEMENTS 2 









! Χ 
(b). POSITIVE ORIENTATION (c). EQUILIBRIUM OF RING 
OF STRESSES PARTICLE 
' FIG-XXXI FIGXXXIL p 


Y 


M M PL 
w ( 
š L—— L — 
BEAM IN PURE BENDING BEAM WITH PURE SHEAR 


- AT Y- AXIS 


SRM, 
3-19-51 
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A. Stresses 
The stresses in a plane sheet can be expressed by 


a stress function $? (1,9) such that: 


gS Fp + rig 

σο = "ې‎ (2) 
= -1 > \/ 

Ta фа 


where primes and dots are defined by: 


-9. = 1 
ər ` 
-д. = е 
90 ` 


The function ф, moreover, muet be such that it 


Ва 516 4ев the biharmonic equation: 


a*p = 0 (3) 
where: 
At = rn + -- 
上 三 x 552 


rip pr hs rep ‚© 


The complete solution of Tauation (3) for the case 
considered here, in which the edge stresses tuken around the 
ciroumference of the circular cutout have zero resultant (i.e., 


the cutout hes no external loading), may be written in the form: 


5. Να. (34), p. 53 of [ 21) . 
ma a. (35), δι 56 6 Of [ 21) . 








Pa z P 90sn89 + 2 Rnainne (За) 


| Е а 2 21 aw 7 
where; we = Cot Coo? + СЗОТОЕ „Г +C) oF 102 „Fr 
P. = Car+ C rC τσι. τ1ορ τ (3b) 
1. Ju 21 31 41 -е 
р = D и. с папка -(n-2) 
122 C. QT C,, Y + a eC) 


The expressions for the functions En are the same, 
with the possible exception of different numerical values for 
the constants C. 


From Fauations (2) and (3a) it follows that: 
Or = Z (-n°r”“p_ + rp Jenene 4 
! 
PZP совп Ө. (4) 
Ge (гір )Lnainne 
n 


The terms involving C4 may be obtained from Equa- 
tions (4) by exchangine sine for cosine and vice versa, LA 
TOT Po» and making the right-hand side negative in the equation 


for T ng в 


B. Displacements 


The radial and tanzentlal strains follo fron 


Hooke!s Law: 


om «αν db em dum Que GU» em» dpa Cum 


7. See [12] or[14) . 
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в. Е : 
Eyr mc WM 7 Sy Σο 
Byeo = ба Цин “Q = ve, 


The stress-strain relations of the reinforcement 


rin: can be expressed by: ? 


TY, ς 
Gar = eae = (urv +01) (6a) 
970 r:r 
E.A, 1 
2 
Mr 
2 = 220 —_ ue 
Eu + EIL (u * u) psr (6b) 


Now the displacements of the ring must be the same 
ss those of the sheet at ine voint of attachment. Therefore, 
the displacements in Bouations (ба) and (6b) can be obtained 
by putting r= rm in Eguations (5) for the displacements of 
the sheet. 

The stress and moment resultants, T and HK, in the 
гіпс озп be derived from the eauations of equilibrium of the 
ring vith the use of the faot that the unit loads acting on 
the ring are due to the stresses in the sheet acting along 


the oirounference of the ring.10 


6. Eq. (46), (47), and (48), v. 63 of [21] . 
9. See Section F. 
lO. See Section С. 
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‘puy 
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(8) 
31 u rm та m м τ. B 
| сар, дч df (tz u) "ΕΝ πῃ Jz üu + “ ига + ‚dad. c @usoo z x 
αμ ώς κ ο a —— — — И nn A ag Sy 
63094 + вита + =! puus 192 + ausoo “a 2 ) "^ 
“9 So Tu 


¿39413 (49) uorgenbg out (999) pue (QL) suoT3enba Jo 


pue (*9) uor3enbg 03utT (alo) pus (eZ) suorammbg Jo чотзизтавайе au, 
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(6) 


1=1 Τι-α 
чи Y Tzjeuurs(Ig)g + [rog a af Cog) ida- 41-7] 09909( 1-7) 3 а 


A 2 و‎ κα c ei ο Apu. aua 
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D. Pure Bending 

If an I-beam, composed of a rectancular web and flanges, 
ig subjected to a pure bending moment M about an axis perpendicu- 
lar to the plane of the web, Fig. XXXI, the strees distribution 
will be: 
I 


Ty, = To = Ü 


In polarooordinatee this state of stress is: 


T osale 0069) 
т. 2 — - 
ЦІ 


To = - Z(3cose + сов39) (10) 
41 
C = - ИГ (з4п + 81n39) 
г9 I 
for which the Airy stress function is; 


Mr) 1 | 
T = (cos 32043 ) a 


by substitution into Zouatione (8) and (9) it ів pou that 


the renulred proportions are: 


„=> =, wwe . 


TO Tro (1 +v)(2+ 98) 


3 
L-Z RN. an DORR „(1 2026). (11) 
г Ep  24(1 +y) 


6 = 0.00693 for νά 0.3 


11. See Section H. 
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In general it will not be possible to design a 
practical reinforcement that is the elastic esuivalent of 
the cutout. For example, irf a rectangular strip is considered: 


Ifa αμ 2095) 
Ms > 


2r (1 - 26)(2* 96) - ¿E 
Lng — 8 
6 = 0.3897. 
Thies is not compatible with the last of Equations (11). 
To determine the approximate additional stresses (in 
thie case, practically unavoidable) due to a cutout reinforced 
by a given ring, there must be acced t° the etress function the 
additional terns in Equations (36) corresponding to the same 
trigonometric orders that appear in Yo and which give con- 
straint stresses which diminish vith increasing r from the 
cutout. Thus, for stresses in the web uncer pure bending with 


& reinforced cutout; 


P 


PJ cos8 + #3008 38 


P 


tt 


ч D 一 上 ^ 
1 Ξ 0217" + Cor (12) 


31 


P3 Ci 4r2* Car”) + 0,3271 


Ci1 has been omitted since it akes no contribution 


to stress. 
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The &ubsitution of Equations (12) into Tauations (4) 


with the notation of *Cquations (523) gives: 


2 > + .. 1 5 . r 
g,* - l(oosó-oos36)-2k.. (3)? cose-[12x.., (22) )«10x, , (72)7] 00830 


= _ Nr Ply? Γη ,3 
To? ~ pr (3o coB9* cos39) + 2k, (=) οοθθ +1255 (5 1)3 2k из а )“ Joos 36 
Tro (8179 + 81139) Ж )' sino L12k, (7) + 6, (By foin3e 


(13) 
where Kay? LL and Куз are evaluated from Tauations (E5). 


In many cages in practice the reinforoins rings are 
quite пагго“: 1.e., p and 8 are cuite small. The con- 
straint stresses, then, are, with negligible error, funotions 
of the cross-sectional area of the reintorcement alone. 


Vquat ions (E5a) become: 


K ста 

Sabe o 1.332 „3400. (14) 
< 0.667+ 1. τ 

Mog LL < 


0.667 +1.359 a 


For a = 0; 1.e., no reinforcement; hole of radius г.“ 


At rz mn; Equations (123) ресопе: 








Gk. 


Л = 
( Pu 0 
(95) = A cos39) (12а) 
2-1 I 
( c0! porn z0 


which agrees vith the solution given in (2]. 


E. Bending with Shear 
if an I-beam is subjected to bending with shear 


about an axis perpendicular to the plane of the veb, see 
Fig. XIV, the stress distribu.ion oan be approximated to a 


satisfactory degreel2 py: 


OF » τα, - x)y 


С; = 0 

Yo (15) 
" 3 A, ne 

A – qb --- 


Ayh2 2 
xyo Tor > meto 


The stress function corresoconcing ο Tauations (15) for the 


web alone is: 


Фо= Е. xy + + 25у 3 + Ci xy (154) 


12. Thies is base on approximate theory that the web of an 
I-beam takes most of the shearing. force aná that the 
Shearing stresses are constant across the web thick- 
ness. СГ. р. 305,[ 21]. 








35. 


This ls equivalent to the sum of two stress functions: 


$1 = == , Corresponding to pure bencing with M = = PL 


and 


6 
ho 
! 


= = TINY + TP xy, corresponding to the loading of 


Кш» ХХХТТ. 


In pol..r ooorüinates: 


nnd 4 
ы Fr тиз © br 
Ф, 一 SIT - 5 p )sin29 - parets (16) 





end the corresponding stress distribution is: 


τ. - - Tr ein?$ + o από 
r hl 
О ^^ 
E РЕ . bre 
To Fi 81129 + Train2a pÉcinbo (16а) 


Pye Pr? 
τ = + ——00829 - ТГ сов29 + ——coc^9 


By substitution into Feuations (8) and (9) it is ыша”? 


that it Е забавя ла to provide reinforcement that is the 
elastic eculvalent of the cutout. 

го determine the approximate additional stresses, 
there muet be added to the stress function additional terms 
from Fauations (3b) Just as іп the pure bending case, Thus, 
for stresses in the web under bending with shear with a re- 
inforced cutout: 


12. See Eeotion K. 








Ф = 281129 + Qy8 inte 
= 2 ` -2 
PP C (17) 
сд = C} y1” + ا‎ +C,,r”2 


The substitution of Equations (17) into Eouations (4) 


with the notation of Fouations (G3) gives; 


T=- <r's1n28+ Pi sinus - [6k, AB. kk „ga Jein2e- 


Type” 


where 


EN гок (22) Laky (22) sinta 


(Pr? _ - № m E. 
(57 Г ) 84129 I 34149+ 6k, E ) в4п29 


= 


κ 


(18) 
+ [20k a: 6k e sinks 
24 工 eS d 
= - CO )oos2@ + ЕЕ-совце + (6k, EM 11) 20829 
6 I4 4 
+ [ 20ko (ak) + 12k,, (2) оов 
22! К, Koyo unà Kyy are evaluated from Fauatione (G5). 


When g and 6 are negligibly small (Bee Pure 


Rendins above), the constraint stresses are functions of < 


alone. 


Fauations (G5a) beoome: 


86. 
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ko ri - 4.153а ) +57 (1 - 0.269 а) 
КЭР 2+2.538 а 

Г} τη 
τα, πες um 
K 2+2. 538 а 

(19) 

куц 2 Fy, 8 0.923 а 
K 2L 0+ 2,538 а 
Км. 6- 1.6150. 
κ 2L 2+ 2.538а 


For € z 0; 1.e., no reinforcement; hole of radius ry. At 


rz гу; Fouations (18) become: 


an = 
=e 
Pr? Pp? 
( 93) = (4tr - -—l)ein20 - —lsinhe } (184) 
r-r I I 
ыы" 0 


which agrees with the solution given in [10]. 
Furthermore; 
For Q = u = 0; 1.е., a rectangular plate (no 


flanges): Г = а, Fquations (18a) becone: 
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© © 
гт), 


"S 
2 > 2 
( с.) = (6С - ا‎ - 2 5140 (18b) 
rer I I 
(Т) = 0 


whioh agrees with the solution given in ( 2] А 
For the complete solution to the problem of bending with shear, 


Equations (13) and (18) are added. 


Е. StressesStrain Relations of Reinforcement Ring 


14 





The theory of curved beams States that the change 


of curvature K of a ring due to a bending moment μὲ” Is: 


M 
r Eple 
1 
where L = y wrár - Ar? (B2) 
e n n 
rat, 


and where w is the width perpencicular to the plane of 


benáing of a cross-egeotion. 


Now r4 18 given ру: 9 = —we 
y A 
ее = (B3) 
f war 
r 
nt 


14. [21] ‚р. 58 et sec. and [20] , p. 101 et seo. 

15. Positive orientation of M in Fig. XXX 16 opvosite to that 
assumed inl 20] . 

16. [20], p. 69 et вес. 








In particular, for a rectangular crose-seotion: 





fs (за) 
Г - --------- ‚За 
2 loge rl 
r~ ir 
7 то АЕ 
2 n Ra im 
Then: le = -一 一 一 一 E τ - — | (B39 
lp  loge(1+-I) t 10пе(4 + -Е) 
ro r2 
From which: 
ur Те 3 
r2 Ir Го 
pub . 99717? . 99925 
2 .99549 «99725 
„3 .9961.9 . 99432 
TABLE VIII 








Gomparison of Txact and Aporoximate 
Moments of Inertia and Location of Neutral Fiber 


i ma a _ 


Table viii? shows that for a rectancular сговв- 


+ 


t 
Gection with values of I < 0.3, those usually encountered 





o 


An practice, a ring may be treated as a straight beam, 60 


that it is permissible to put: 





m «παν «πον «πω αρα «πὶ‏ سے 


cf. Table on p. 34, [14] , for I-shaped reinforcement. 






















n i 
να ὯΙ 
2 
Те = In 
Then: 
к + Ὁ (B6) 
= В 
5 ETT 
гр 
and 
. 18 
€ в u 
ϱ ο y O 
2 (57) 
ος = (“ο γρ) м 
here the subscript o indicates the neutral 
Semper r = г. 
Ш Assuming, as 18 customary in curved bar theory, 


that no radial pressure betveen fibers exists, then, for 
any given 8, u is constant over the thickness of the bar. 
Therefore, 


Ke & Su. * по) me 1 (B7a) 





The tangential strain, horever, will vary along tne 


thichnees of the bar, see Pig. XXXIII. 


3. га. (46), 2x [21 . 
Ec. (95), p. 107, [20]. 








FIG. XXXIIL 





CONTRIBUTION OF CURVATURE OF RING TO EXTENSION AT 
OUTER BOUNDARY OF RING 


зен. 
3-21-51 
















LMAN =æ 49 LUNA TN! =a 49 + А 99 
| MN = de ON! L АМ! 
FN! L AN OM! L A'N! 
KN! M CM! L AM LHON! = LH'A'N' 
LKNIF = LMAN ки M ON 
LOG'ON! = CKN'E 
But ZCION' s ZC'oH+ С НОМ = — + 49 + ade 
2 
And LKNIE = Lie LIRE y age YU, Bas. 
as ás 
#3 
848 = Las. (B8) 
ав 
But de = r „40 
| 
x 28 - 1_ 
I ав г. 
κ. ο, i 
Then: = (=) = (Β8α) 
ав? а92 ав ro^ 
or 
лаб — “ваш. (B8a ) 
Го 
In considering displacements of the richt end rela- 
tive to the left, ve note that there is no rotation of the 
tancent at V. 
ду, 
Rel. Tan. Disp. of T with respeot to M = À = L3 
av, 
Rel. Tan. Disp. of N with respeot to МЕД ТЕ ET 
t 
"LL r 
But Ау. = а m 
ο . E" e 
д ВЯ =- -=u (19) 
a ο 2ro о 
herefore: € oro Z (ur у + 5) гегу (В7Ъ) 
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G. Stress Resultants and Strains in the Reinforcenent Ring 


From Fig. XXXo, the three equations for static 


equilibrium of the ring are: 


N-Tz-(c.) nt 


r rer w 
T+ NE -( Tia) t 
ro ren 1 v TOS 
, D] Ui. 
É Nro = A zu 
Equatione (C1) may be solved for T and M: 
YATE с. - я. (02) 
M = -Tr - fit ) ag +C (C3) 
ο rI ty ro rer 1 


1 


The substitution of Touatione (2) into “cuations (62) and 


(C3) gives: 


Т = nt (rtp) * C581n9 *С 36288 for nfl (Οδ) 
rer) 

t 

M = ivir plo!) - τάς, (1” 2φ) 
2 rer r= 

+ 1 = С2га8в) п9 一 C4rgc089 (C5) 
for nfl 
and 
i. p C58in9 * C40089 for n=l (cha) 


2 -1 -2 
My * 0) -Οργρβλπθ - Сзгосов9 + reer p'r Men (C5a) 
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T and M may be obtained in terms of Pns Gn, and 6 
by substituting @cuations (3a) and (3b) into Foauations (C4), 
(Cha), (C5), and (C5a). 

Similarly the exteneion etrain muy be found in 
terms of Pn, Gy, end 9 by a Similar substitution into Fausa- 
tions (5) folloved by integration for u and у.20 


From the first of Eauations (5): 


要 
E QU = ] Anker + rip - уф! (Сба) 
| Е: + в и 
г (ана) AA E ASI: 
r 
(669) 
From the second of Tcuations (5): 
Ey (u*v)s rQ"-vrlo - уф! (С?а) 
Ey (u +у + $i) =6 аа ще rp ۷-6 (+ 
+ "ص‎ уёф! - yo! (C7b) 


Substituting Eouations (3a) and ( 6b) into Eauation (Cé6b) 


r 
and noting that 6 = 一 ~ l yields: 
ο 


20. Two arbitrary functions Г. (г) and f,(®) will appear ав а 
result of this intezration, but these ure already included in 
Equations (3a) and (3b)--cf. p. 37, (14) апа р. 5, [13] . 








| us m A -1 _ NX -2 Е 
Fy, (+ en z 1) совпд к б A (n 1) [Рог ВТО ur 


- 2 (né -1)einne[ Q os - vas -(n2-1) fa r-2ar] 


rs С 


(C8) 
Similar treatment of Eauation (C7b) gives: 


E giu Ç + 8 ua = 2. совпе In έν» гүі-ура» Ри га + 
2 "y ο j -2 
ao. 5 (Y Pk = ВИЕ l. (n° 1)f Par ar} } ren * 


* Z sinne {n ر2‎ - УЦ. + GA rm «n^s [v Gh - “ΠΤ 1. (n 2.1) [ο rary} 
re] 


(C9) 


H. Practical Impossibility of Perfeot Foulvalent for Pure 
Fencing 


rrom Fauation (10a): 


мг? 


2 = CHO 0 — 
TE- M 

: (nl 
Pa 4. ur 


Beoause of anti-symmetry about the x-axis and symmetry about 
the y-axis8; 


Cy “Ορ = 0 (72) 
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Substitution of Ecuations (D1) and (D2) into *auatiíons (8) 


and (9) yields: 


SIC 
"wo. --- E c Le. o vr meat (D3) 
(1+ y )(2 m 95) Er 6-2y1_S (3y -120080 + cos 39 


(1 +y )(2* 95 ) 








HI 
22 E - 6 (1+ 5 + C )с0о89+ сов 3% 
ые 0 “r v l-2 9 K r ty 
RF nee е --(1-28) .--#-5----------54- У---------- 
Αι. tu) ος 00839 
(ру) 
From Fouation (D+), in order that In be everywhere positive, 
1t is necessary that: 
ی‎ p (25) 
P BI | 
The substitution of Equation (D5) into Equation (D3) gives: 
E 2(1 + 5)cos9 * 60839 
И "i m ow ee em (D6) 
(1 +v (2 +98) Ep 6-2 vao а + COB 36 
(1+v)(2+ 98) 
Ay will be everywhere positive if and only if: 
я 163 »-1). (va? š 
И В А. ΗΝ 


Рог у = 0.3; 6 = 0.00693. (27а) 
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9 
4 
I τε, er Ex 
ч yc- = late, 
12620 = 623 1ης - У :зтеца 
i lay 
Ca (At TYE 
есзо9| πα. 4 Ely +з] 
(24) im le i: ----------------------------------- --- = g 


86aoo[ ( 2+1) 25 -( 91+) С2х-( ве-т)хтъевоор ( Ех WD) (Qn TOK) 


(та) 


«Az Z | ( A + τις A+T 
осо, еее 78) (9 χξεέγη-Ίκθοοοἷ(ς DT ES 71") 


45 жай BER s s CUu сй» «πο «οι Tu mm u u den “maman, imap. am sa s S c o sss a s ws a лз Pe s as > lan nn Ge un а sma GE ar q ae s. ss = D 


PINO - esooty 


:SƏATI (6) vue (g) suorgenbga озит (ст) зчотуепон Jo uorzngTisans зчъ 





птрицәң әл 20: з1ие4ви0) лателавиол JO UOT1SATISG “Г 


а (лм κ 

(tC) (92 - а’ ще 
А а 

:BT3IaUT JO 4UsUOU peJinoed 


IJET 9U, UT дтатъеджооит вр 9 JO эптэл MOT STUJ 'MIOM USTSIP TTUITIOBAA лод 
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(53) 
(а +т)г + (5 -т) 
τάς --------------- ο ye- = Tey 
162 - == (oe 1)2 
(9 +т)г + (3 E) C 
(9+ TP SL AU - yer Pat 
11 :цотца шолй 
(A+T)JE 
[ t" re „62, + YW) d= (92 + т) Ла - (91 +1) “3 πο ενα 
0. = (xz a 9) (9+ T Ey - 
(113) 
(4+1) 2 
— СЛ (978 -9) ы + (972+ С)н- Jos (Efa aee и) 


(a+ S)Q 6-40 T yz 


{ αμ: 


:3SHUIe3 отлузшсино81а4 


ЭУТТ $0 51иэ191]1э05 Зчтазафе риз зичотзозау Jo (Zu) pu? (Та) suotTsendb.i Зитлеето 
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| ръбове )о1( зе+т +866С7т)-ЕССто 4 STL 9-TH9°0) PKI HH) τος 


eo A τ. O 1с o A A A О“ШИБУ (эсс om Όπεν Επ quee GER coco s a q J A E A SD ow es Oh Ís anam) coms d ибн Ee Re a a qp GED ss φαν οὐ «ето FF GED O e E "- e dumm 


[t-(95'5«)9]( e«t »d)«[t« 9574672) око 18) 1. 
[t«( 9 S$* j-z)o]( sc«t *d65€^ t)- E£cro «9511*9-160970) PX 9t T+) τῇς 


--------------------------------- ی کے‎ a DERE PERS 


[t-( 9 $^ 4&1) οἱ 9ζετ +65 ° T)+[ LEE "Or (96 TT*9-1119*0) DX 92 Hg) Ip 


(853) (9 +T)2 +( %*0-T) 18 те 


че чт зе ве чш qm Ст qa © д s ἄν ὅσα, απ «πο «αυ «ες Фи: > Ф u = 


(998010-440 2) ю-(9+ Т)2 Ми 


i 
A 


(9 + T)Z + (95*0-1) ? c 
----------------- “ же - = UM 


(9-440:C)(9* 1) Try 


( “+I A+ T č 
[ CaS SERIE wat] 9tj «d«T)- ре Па tdet Jl % -2)?+T J 


Diem ee ce A DM з Ва eee oe Cty 


(92 -2)о+т Х9г2-8-Т) + (911 +8+Т ])[( о. тую -т ) 


е 


Г (A+T)9 (^*1)€ 
(и 5 БЕАТА ° °+ = ar ر و ا‎ 1 x те) o+[ Cz 
"E CU = sa хе жы 


рея A3LY8 6-401 4 0+ т (32 -8-T) ++ га °9+Т JK 9 ος «τγο-τ 
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:1=43 Алеззаоэи sT 91 ‘93ATYTsod әләцлќләлә ә4 Я 3341 дэргло UT (101) UOTINMDG шоли 





19 на Ат πο 
Hua; - BLU + ` T; - 
O ao oa Y i 
бтитв(9-1)7< - есито(( з-т) 578 +ОЕ-О - 
τς la 
equas Heer - егитв (от +Т) = 4 . it E 


(C4) —— ےا‎ τ. 


те τι 
equ в ld, 2 
in dal ы `, 


:3SDT8TA (6) pu9» (Q) suor3enoy Ooqut (Z3) pur (TI) счо14тпо4 до UoTYnITIsans 
(24) 0 220 = “9. = *95 


;Arqgeuuxs хетоЯ@ vue gexv-£ pues -х чзоа ynoce Arqzeumfs-TQUs JO əsnsoojq 





181 + 
qe F vy 
(TA) 
с Itc 
Č 42 „та 





Tesug UTA 
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A+ T 
(10) US A 
A+L A+ T z a+ T q 
9 em 1 co „СТ. d οσα w ο 
HOOT- RETAZ ( 9T Mg αμα 
一 ET ie —— τε 
equis Vite - TI anye ) *ezu1s( ^^ xz- 93. *5 τίη) 

:09419 (6) pue (9) suoT3Baby CO4UT (AT) вчорззпра го чорупътъзапз əu; 

JBJS ULTA JUTPUIE до SJUEIBUOH зитедавиоо то потъзлртеа “η 


“отатсвойшт эт Itaus 
Чата B3uypueg JOJ sousTeatNby 9TI88T3 99 JXad эочен ‘этатвзоадшт Аттзотадиа эт зтчъ 


(954) | RS 
(54) suorymbg јо риооәв vyg шол 
"I9 TE 
τ. = (ϑέ-τ)τ- 
(54) | 


luda - ^* 1 ч της | ^ 
RECTA Et ODay RT - (9-01: 
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A+t А+ 1 


ЕЕЕ ТЕ т, - ID 
[ (^-£) 991- í + X «(991 ^ )'exec «(991 πε | Sed 


>) Ao £ «+ Т "I 7 
[ (од) г + ( 9η £) A + ( нн) J2 taq C | а = du T T 


.эзшхэ1 отлуешопо8таз 





9XTT JO 8IJUSTOTJJIOO YuTImos PUE SUOTIDRAJ JO (20) pue (τῷ) suotyenuy Зиттеето 








о = Чу 1 3 т.226, 
2-9 = My I- 1:17, 
(69) 
© 
واو‎ = tiy то = = 
Ihc 
_ Con = CC 一 二 9 SU: 
"rc 7 474 4 
(29) 
(^+)! (<+T)z q g (al) η 
ΠΠ E M . = - SE „чё 
equis XA CS Az aureus I tty zu E a ا‎ 


enurto [eco aros απ) πηος-τ) Кары 9+1) 4 (EIT) «(9-0 -— HE ) 


el 


~ 
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z (a4 T) i _ í> E a 
ελλ λα ας тё ж 
-=---- -- 22-2223 A E A Tx ty 
(S5) GENE] d -9£-1) 02225 g+ +t I 9T +4)” 2¬ ] 
(A+ T)Z 
Gier enm "πμ. A 
—— e ΕΙΝ а ШКЕ 
(( etr-£ ) v2 1d =: -т) 25 MR raje (û ( 3+9 É ofi 9 0) 9—2) 05 ην St) 可 
(αντ) Ζ 
c (Gm - [一 [o TL > 
ET ы BET arte уу Каш ыта 12 E Д K: 
i -PUL a -ος-Ἡ L ms ο +9+T Yr 94+ Т)® мч = 
"цотца шолиа 
| q O E TT. Mos (eC eO +0 60) 1а +0 8-1) 
(170) CURRYS 7 12395 9с = 


(OE. ty UA 34 (ex «(Ce + Et + (9+т) is 
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[ (8 TES" CES GE "tp)0+Z) (95 "2 +95+T)-(8ÉELTE +L AT) LO SZE-EZ6*9P+ 4 J ще 





FE 

((et£z't£-S9€*4) v«2]( d6*z- gC- t) «( CAL C+ € «U)[ ( 926-9) d-5 Ἱ ы чех 

[L (3 TEZ’EE-SBE HI) X 96 "2 +95 T)-( ELT `€ +9£+ T) ((92€£-£26*9)o* + ] = 3 

ba (926-626 ° 9) 5+4 {95 *2-96-т1)+( $ °2 +9 +1) [ ( Ен) 1 К ы ты 

(9167 '°9-291° Jo ( 962° +9С+Тт) -(9586 °+9+ Т) [(9 1-6 )о+ 2 ) 3 

TS aP An ae anap Uh SDd کے‎ AD A کے جک کے‎ E کہ مھ کے کے کے‎ г = да 
το ολο ΑΙ ο τ ^" 
(95/$1'9-729t* jo ( gS7* 49 t) -(d $9€ * «9«1)L( 97€) z Ὶ » 

(rs Yel E TE (SETEM Soc elle arten Dal (om ED f A 
i СО зА сол 

(SD) 
As i г («+ i)! 
一 一 一 一 一 一 一 一 一 一 z—2" v4) 1(9 2 +95+T)- ° g+9 Ë+ T I- Z 

[GERIT O IO A pF E Jey 
¿ë 7% 


[ ( 99 T— ЯР) weet HAE -9Е-Т) +(9 2 +95+Т) [(9οτ)οσ-η Ἱ 
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Ill. Partioular Case of Reotangular Reinforcenent“ 


This solution, although basically the same as іп 
the preceding Section, is presented from a slichtly different 
point of vier. —— stress functions, one for the 
web and the other for the reinforcement are derived. The 
boundary oonditlons to be satisfied are: 

1.) At great distanoes from the hole, r >> го, the 
Stress distribution tencs to conform to that ex- 
isting in the uncut web. 

2.) No external forces are apnlied at the inner edge 
of the ring, Fr x το" 

3.) At the junotion of the ring and the veb, r » m, the 
radial and tangential displacements of the ring must 
be eoual to those of the plate. 

4.) At the junction of the ring and the web, r= гу, 
the foroes acting on the outer edge of the ring 
must be equal and opposite to the corresponding 


forces acting on the inner edge of the web. 


In Figs. XVI and XXX the ring has been shown to be 
abruptly joined to the web. If this is the case, there will 
be a locel stress concentration at this junction. ‘This has 
not been taken into oonsideration sinoe, in practice, a small 


fillet, probably a weld, would be present to relleve this con- 





centration. Strictly speaking, the strese distrioution at 
the junction is three-dimensional. This has not been con- 
Siderec. Otherviee this solution conforms to the usual 


elasticity procedure and assumptionsa--Hooke's Law; homo- 


geneous and isotropic material; "small" displacements. 
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А. Pure Bending 
Boundary Conditions (1) and (?) have been used 


in Seotion II to determine ф for the web: 


pez arr nz 2 Fey объе + [- NS. War m: ) d ka re г) 400836 


(20) 
The stress function YW Tor the ring will have the 
Same general form as φ for the veb but with possibly dif- 


ferent oonstants: 


Ф =) я ; - -3 
ст (Фа г-дад г )сов9- ( ба m1l2a,,r $ ha. r^«102, Ar )сов38 


= PD 
-3 | yr 2a, or? 
Tg= (6a, r+2a,,r )0088 «(684 ,r«12a, T 5+202 + 2a). )00838 
DEA D 
(21) 
i Y 
From Boundary Condition (2): (е! = ( Tro) = 0 
rzro rero 
day 431 * Ὁ 
2813 +6423 +2433 + 544 3= ο (22) 
where: do, = а21 Го 923 = а 373” 
931 = дз1 го” 2 433 = 831122 (23) 


Th 33 322 dyg = apgr” 
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From boundary Condition (4): Force Fquilibrium at r= nm 
=, a 


£,% (a) 5p - 24 ар”? + 243423 -ацар”3) Е -К- 2 роза 


(24) 
where: À = ш 
tv 
„2 
р ть ato 
T? 
fy fs = factors to allow for three-dimensional effeot 
at junction of ring and web. 
From Equations (22) and (24): 
1 
щъ СК. 
"n ES f. A (p-p^7) 
lh κ 
à. c (03 8572-975) 303-572)» PE Qo) 
K λ 
13 р 
k 6k 
323 _ -2(p9-p72)« -23(8p3-9p p72) + КЕ (Эр) 
K 13 入 p (25) 
rn Ж k .4. 2k 4 
435 _ 6(р 3-р-5)- 23 (р-р 3)- (р-р 5) 
K fh D 
м k 
да ee 0 pm) 
K f4AD | 


¿ g = a 
p'- 9 +16p"“- 9р + р 3. 


а 
и 
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When А а 1; i.e., no reinforcement Гог а hole “hose radius = Το, 


22h. "Ati 22 
Pw p (26) 
Жаа "а t ὅσα, α 
K K K K р 
Therefore 
κ 
d- 29... 
° 3(1 - pv) 
(p3-4p"3 3р72)-(4р2-6р €p7 MA (3p3-4p+p- 5) (543), л 
MD ee en Sun „ль _. Е АЙ о TE 
я“ А 
(26a) 
and: κ 
Г 1 
as 3 3+ E 
ο ον IT 
p 2 "i 0° κα 
ауз (03 8р-2-9р—5)- 2353-572). 2283 (рЗ- 5-5) 
> p, D' 
423 , . 2(p)-p72)- -$(8p-9p.p72)- —3(p)-p) 
κ р AD! 
(27) 
433 6(53гр-2)- 223 (р-р? -ᾱ -(p-p72) 
-— LEEREN ww 3 
D, D! 
бз _ 3(22-275)- E22 p2-p)- 53 (993-8575) 
P a pA D! 
κ 
ре = (p3-ap"3, 3p"5)-(hp3-6p+2p"3) (92) - Gp) R) 


It is interesting to note >. аз р ج‎ Ἂ (1.e., no reinforcement 


for a hole of radius = mn), EM چ‎ v —- -2, andà 


K 
and = — 3. 


22. Зее Еа. (13а). 
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(592) 


T=v [= 
(25) (5-9 Sancio -(σπίε-ας κί9-εάη)-(ς-ας X d cd) | pc v To 


= 

θέϑοο----------------------- Sa 8800 ee σ------- 

ὅπι ¿rd de) Che (6-02 9 cdf)-(5-G6 ας dtd) те“ έ AC ΟΣ 
-- - = To “ләатј әшәлјхә 319 9% 


8831418 ZuTrusa ieuiuou әцз ќа Зитртлтр ќа (рәитшләзәр эт 10998] UOTIRAJUODUOO 988.418 


9 ''o*T) взэтиотвизштр epru st 31 *(gz) потавпрч шолт ÁJTITIN 199 2943 UTeI0O OL 


(82) CE 
o z^ MSS 
E) kad ac) (RL zado dm) de „dir d] UN A. C | 
Мт E СТ En EG a. 
ERL drar- -ας)- ez, cO I d4)- (er ` ي‎ С) T +ç pte e 
=i dX 
ο - (2) 


Ст та 3% (12) сисууецоч очи резачтавайв oft (42) vus (се) suoryemnd: JI 


"апошеволотител ецу ит сзәлуз ои әд ито 


91943 Quvsedd зиәшәолојитәл оч цу: 47094 998] 999 чута сеехет Атиттулэо цотцА 


NEN NEC e rm 3 
(566) iin ак 
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(06) 


θηατοί,, αρ ερ te ec ὃ-α όποτε „a eg)g- ezuys(, 4 денек, а Сер Те)г- = Тр 


Nr 


T σέ 
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'94u*938uo0 a3usedeoeJIlp Áqarisesod u4i4 N дел ayy хој ф вз шлој 


Tr.rƏuə3 əures əy} SATU TTlA Buys susy лој ф UOTIDUNJ 88818 UL 
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> I e 
"hM ρα + > NE. Antea A ^ SZUTS WE, )چ(‎ e jw + A -]- ф 


:q9í1 euq 101 
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From Boundary Condition (2): ίσιο) = ( С) = 0 
rero Гә Го 
d45- 3d + За - d = 0 
1 
2 22 32 42 (31) 
6014 + 10424, + 2041 + а, 2 0 
where: 4] > = ajo day = 84 15 
= “© ш г 
“ez * ta do " аргу? (32) 
h 
dyz = ayr? ἅμι 5 ασ»! 


From Boundary Condition (+): force equilibrium at r= nm: 
hl - - n 
f, A (di, + 38р + 24 цр 2) = чи + 3k22 + до 


«ἡ > ri 
f2 λ{412- 34225 + За зор - вор ®) = &- uo + 3 - 


2 -6 ц -h гу 
f^ (64, | P + 10d, P + 5d, р +9@ „Р ) - 3K == + 10К + 9k Pu 
2 -6 b -hy. 2 I. H 
f, d Od, p? 50 p" 6. 5a, p^ -3,, 7) * g* pl e Skay = Ἴκμι 
b? (33) 
where. A= om 
tw 
p = n/r, 


fo,fy = factors to allow for three-dimensional effeot 


at junction of ring and web 
PL 
241 


> 
" 





24 


doy 


day 


` پا 


1 


From Fauations (31) ana (33): 


Sp 3p" ^-^. ) « T 72. y^ ) +3k, ¿e -p^$ «2k k (p?p) 
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f, AD, 
*n(p -р ) = (1-49"% 3» )ὶ +2k,,(1-p ~) +k, (1- E 
{2 λ D. 
e (ср) + бкоа(о?-1) «ка (р2- 304) 
"2m E» 


p^ - 4 *6p^"^ - ip^ «p 


m cb C3» 00o dB» CP GER Co OD Gub won du ست جت‎ ME حه کے‎ uas A AO مت‎ aw BG euo هھ کت دک کد س ج د‎ e UN A O O A AA a چ جج‎ mp ce ex 
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